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1 Introduction
In this paper, we prove that any polarized K-stable manifold is CM-stable. This
has been known to me for quite a while, in fact, the case for Fano manifolds
already appeared in [Ti12] and our arguments for the proof here will follow the
approach there.
LetM be a projective manifold polarized by an ample line bundle L. By the
Kodaira embedding theorem, for ℓ sufficiently large, a basis of H0(M,Lℓ) gives
an embedding φℓ : M 7→ CPN , where N = dimCH0(M,Lℓ) − 1. Any other
basis gives an embedding of the form σ · φℓ, where σ ∈ G = SL(N + 1,C). We
fix such an embedding.
Let us recall the CM-stability which originated in [Ti97]. It can be defined
in terms of Mabuchi’s K-energy:
Mω0(ϕ) = −
1
V
∫ 1
0
∫
M
ϕ (Ric(ωtϕ)− µωtϕ) ∧ ωn−1tϕ ∧ dt, (1.1)
where ω0 is a Ka¨her metric with Ka¨hler class 2πc1(L) and
ωϕ = ω0 +
√−1 ∂∂¯ ϕ and µ = c1(M) · c1(L)
n−1
c1(L)n
. (1.2)
∗Supported partially by grants from NSF and NSFC
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Given an embedding M ⊂ CPN by K−ℓM , we have an induced function on
G = SL(N + 1,C) which acts on CPN :
F(σ) = Mω0(ψσ), (1.3)
where ψσ is defined by
1
ℓ
σ∗ωFS = ω0 +
√−1∂∂¯ ψσ. (1.4)
Note that F(σ) is well-defined since ψσ is unique modulo addition of constants.
Similarly, we can define J on G by
J(σ) = Jω0(ψσ), (1.5)
where
Jω0(ϕ) =
n−1∑
i=0
i+ 1
n+ 1
∫
M
√−1 ∂ϕ ∧ ∂¯ϕ ∧ ωi0 ∧ ωn−i−1ϕ . (1.6)
Definition 1.1. We call M CM-semistable with respect to Lℓ if F is bounded
from below and CM-stable with respect to Lℓ if F bounded from below and is
proper modulo J, i.e., for any sequence σi ∈ G,
F(σi)→∞ whenever inf
τ∈Aut0(M,L)
J(σiτ)→∞, (1.7)
where Aut0(M,L) denotes the identity component of the automorphism group
of (M,L). If Aut0(M,L) is trivial, then (1.8) simply means that F(σi) → ∞
whenever J(σi)→∞.
We say (M,L) CM-stable (resp. CM-semistable) if M is CM-stable (resp.
CM-semistable) with respect to Lℓ for all sufficiently large ℓ.
Remark 1.2. In [Ti97], the CM-stability is defined in terms of the orbit of a
lifting of M in certain determinant line bundle, referred as the CM-polarization.
Theorem 8.9 in [Ti97] states that such an algebraic formulation is equivalent to
the one in Definition 1.1.
The CM-stability of (M,L) is directly related to the existence of Ka¨hler
metrics with constant scalar curvature and Ka¨hler class c1(L). When M is
a Fano manifold polarized by the anti-canonical bundle K−1M , it follows from
[Ti09] and the partial C0-estimate that M admits a Ka¨hler-Einstein metric
whenever it is CM-stable (see [Ti12]). In general, we had proposed a similar
program towards the YTD conjecture: If (M,L) is K-stable, then there is a
Ka¨hler metric with constant scalar curvature and Ka¨hler class 2πc1(L).
We say Mω0 is proper on the space P (M,ω0) = {ϕ ∈ C∞ |ωϕ > 0} if there
is a function f bounded from below such that limt→∞ f(t) =∞ and
Mω0(ϕ) ≥ inf
τ∈Aut0(M,L)
f(Jω0(ϕτ )), ∀ϕ ∈ P (M,ω0), (1.8)
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where ϕτ is given by τ
∗ωϕ = ω0+
√−1 ∂∂¯ϕτ . It was conjectured (see [tian98]1)
that M admits a Ka¨hler metric of constant scalar curvature and Ka¨hler class
2πc1(L) if Mω0 is proper on P (M,ω0). We also conjecture that a version of
partial C0-estimate holds for Ka¨hler metrics with Ka¨hler class 2πc1(L). If these
conjectures can be verified, we can solve the YTD conjecture.
Our main result of this paper is the following:
Theorem 1.3. Let (M,L) be a polarized projective manifold which is K-stable.
Then M is CM-stable with respect to any Lℓ which is very ample. In particular,
(M,L) is CM-stable.
We refer the readers to [Ti97], [Do02] and Subsection 4.1 of [Ti09] for the
definition of the K-stability. If M is a K-stable Fano manifold, one can deduce
from Theorem 1.3 the existence of a Ka¨hler-Einstein metric on M . This is ex-
actly the second approach in [Ti97] to complete the proof of the YTD conjecture
for Fano manifolds.
Using the asymptotics of the K-energy in Lemma 2.1, one can easily show
the converse: The CM-stability implies the K-stability.
The rest of this paper is devoted to the proof of Theorem 1.3.
Acknowledgement: I would like to thank Chi Li and Sean Paul for useful
comments on improving presentation of this paper.
2 Asymptotics of the K-energy
In this section, we recall a result which relates the Futaki invariant to the
asymptotic expansion of the K-energy. Let G0 be an algebraic subgroup G0 =
{σ(t)}t∈C∗ ⊂ G, then there is a unique limiting cycle
M0 = lim
t→0
σ(t)(M) ⊂ CPN . (2.1)
IfG0 acts onM0 non-trivially, one can associate the generalized Futaki invariant
fM0,L0(G0) for M0, where L
ℓ
0 = O(1)|M0 . This invariant was defined by Ding-
Tian for normal or irreducible M0 [DT92] and by Donaldson for general M0. It
can be also formulated as the CM-weight introduced in [Ti97]. If G0 acts on
M0 trivially, we simply set fM0,L0(G0) = 0.
In his thesis [Li12] (also see [PT06]), C. Li observed
Lemma 2.1. For any algebraic subgroup G0 = {σ(t)}t∈C∗ of G, we have
F(σ(t)) = − (fM0,L0(G0) − a(G0)) log |t|2 + O(1) as t→ 0, (2.2)
where a(G0) ∈ Q is non-negative and the equality holds ifM0 has no non-reduced
components.
1In [Ti98], we define the properness in the case that Aut0(M,L) is trivial. Also one can
easily show that the property of properness is independent of the choice of ω0.
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Proof. C. Li has pointed out that (2.2) can be actually derived from [Ti97]. For
the readers’ convenience, we give a proof here by using arguments from [Ti97].
Define Xˆ as the set of all (x, t) in CPN × C satisfying: x ∈ σ(t)(M) when
t 6= 0 and x ∈ M0 when t = 0. It admits a compactification X as follows:
There is an natural biholomorphism φ from X0 = Xˆ \M0 onto M × C∗ by
φ(x, t) = (σ−1(t)(x), t). Consider CP 1 as C plus the point ∞, then we define
X = Xˆ ∪φ:X0≃M×C∗ (M × CP 1\{0}).
Clearly, X admits a fibration over CP 1. Also, L induces a relatively ample
bundle L over X : L|Xˆ = π∗1OCPN (1)|Xˆ and L|M×CP 1\{0} = π∗1Lℓ, where πi
denotes the projection onto the ith factor. Since σ(s) · φ = φ · σ(s) for any
s ∈ C∗, we have a G0-action on X : σ(s)(x, t) is equal to (σ(s)(x), s · t) on
Xˆ and (x, s · t) on M × (CP 1\{0}). Similarly, there is an natural lifting of
G0-action on L which acts on L|Xˆ as given and on L|M×CP 1\{0} = π∗1Lℓ by
σ(s)(v, t) = (v, s · t), where v ∈ L.
Let p : X˜ 7→ X be a G0-equivariant resolution and L˜ = p∗L (cf. [Ko07]).
There is an induced fibration π : X˜ 7→ CP 1, we denote Mz = π−1(z). Choose a
smooth Hermitian norm h on L˜ over X˜ satisfying:
(1) h = p∗π∗1h1 over π
−1({z ∈ C | |z| ≤ 1}), where h1 denotes a fixed Hermitian
metric on OCPN (1) whose curvature is the Fubini-Study metric ωFS ;
(2) For any z ∈ C∗, the curvature form R(h) of h restricts to a Ka¨hler metric
ωz on Mz satisfying:
ωz = σ(z)
∗ωFS|Mz for |z| ≤ 1 and ωz = ℓ ω0 for |z| ≥ 2.
Here we regard X˜ \p−1(M0) = X\M0 asM×CP 1\{0}. We may further assume
that for |z| ≥ 2, h|Mz is equal to a fixed norm h0 on Lℓ and for |z| ≤ 1,
σ(z)∗h|Mz = e−ℓ ϕz h0, where ϕz is a corresponding Ka¨hler potential, i.e.,
1
ℓ
ωz = ω0 +
√−1 ∂∂¯ ϕz .
Let K = KX˜ ⊗ π∗K−1CP 1 be the relative canonical bundle of π : X˜ 7→ CP 1. It
has an induced Hermitian norm k on K−1 over CP 1\{0}: For each z ∈ CP 1\{0},
k|Mz is given by the determinant of ωz. Clearly, the curvature form R(k) of k
restricts to Ric(ωz) on each Mz.
Put F (z) =Mω0(ϕz), then F is a continuous function on CP
1\{0}, constant
for |z| ≥ 2 and coincides with F for |z| ≤ 1. Following those direct computations
exactly as we did for (8.5) in [Ti97], we can show that for any smooth function
φ(z) with support contained in CP 1\{0},
−
∫
CP 1
F ∂∂¯φ =
1
V
∫
X˜
φ
(
R(k) − nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
, (2.3)
where V = c1(L)
n.
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Let ω˜ be a Ka¨hler metric on X˜ . We can construct another Hermitian metric
k˜ on K as we did for k. Then the ratio k/k˜ is an non-negative function bounded
from above. It follows from (2.3)
−
∫
CP 1
(F−ξ) ∂∂¯φ = 1
V
∫
X˜
φ
(
R(k˜) − nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
, (2.4)
where
ξ(z) =
1
V
∫
Mz
(
k
k˜
)
log
(
k
k˜
)
ω˜n. (2.5)
This is a bounded function, in fact, it is continuous in z.
Denote by gX˜ and gB the Hermitian norms on K
−1
X˜
and K−1
CP 1
induced by
the metric ω˜ on X˜ and the Fubini-Study metric ωFS on CP 1. Define
ζ(z) =
1
V
∫
Mz
log
(
k˜ · π∗gB
gX˜
) (
1
ℓ
R(h)
)n
. (2.6)
It is easy to show (cf. [Ti97]2) that ζ is bounded from above and extends across
0 continuously if M0 does not have components of multiplicity greater than 1.
In fact, one can show (see [PT04] and [Pa08]) that
ζ(t) = a(G0) log |t|2 + O(1), as t→ 0, (2.7)
where a(G0) ≥ 0 and O(1) denotes a bounded quantity. It follows from (2.4)∫
CP 1
(F−ξ−ζ) ∂∂¯φ = 1
V
∫
X˜
φ
(
R(gB)−R(gX˜ ) +
nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
.
Let L be the determinant line bundle det(E , π), where E is defined by
2n+1 ℓn V E = (K−1 − K)⊗ (L˜ − L˜−1)n − nµ
(n+ 1) ℓ
(L˜ − L˜−1)n+1.
This line bundle L was introduced in [Ti97] and called the CM-line bundle
or polarization.3 By the Grothendick-Riemann-Roch Theorem, the first Chern
class of L is given by
c1(L) = ℓ
−n π∗[c1(K) c1(L˜)n + nµ
(n+ 1) ℓ
c1(L˜)n+1].
The corresponding degree is simply the CM-weight dated back to [Ti97]. It
was proved in [LX11] that this CM-weight coincides with the generalized Futaki
invariant fM0,L0(G0). Furthermore, there is a Ho¨lder continuous norm || · ||B
on L over CP 1 whose curvature form is given by the push-forward form
π∗
[(
R(gB)−R(gX˜ ) +
nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n]
.
2This function is denoted as ψZ there.
3A different formulation of the CM-line bundle was given in [PT06] which suits better for
more general fibrations.
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Fix a unit z0 ∈ C and 1 ∈ L|z0 , then we set
S(z) = σ(t)(1) ∈ L|z, where z = σ(t)(z0).
This defines a holomorphic section S of L over C∗ which extends to CP 1\{0},
moreover, it is non-zero at ∞. It follows from the above discussions
∂∂¯(F − ξ − ζ + log ||S||2B) = 0 on C∗.
Since F − ξ − ζ + log ||S||B is bounded near ∞, we conclude
F = ξ + ζ − log ||S||2B + c, (2.8)
where c is a constant.
On the other hand, we can extend S to be a meromorphic section of L with
an zero or pole of order ± fM0,L0(G0) at 0. Then (2.2) follows from (2.8), (2.7)
and the facts that ξ is bounded and F (t) = F(σ(t)) for |t| ≤ 1.
We can use the arguments in the proof to identify fM0,L0(G0) − a(G0) with
a generalized Futaki invariant of some special degeneration of M . Let us first
describe such a degeneration. We will adopt the notations in last proof. Note
that there is an natural fibration πˆ : Xˆ 7→ C. It was shown in [LX11] (also see
[ALV09]) that there is a G0-equivariant semi-stable reduction π
′ : X ′ 7→ C of
Xˆ whose generic fiber is biholomorphic to M .4 This implies that the central
fiber M ′0 = π
′−1(0) is a singular variety with normal crossings. Furthermore,
there is an natural map q : X ′ 7→ Xˆ of degree m with q(M ′0) = M0. Then we
have a generalized Futaki invariant fM ′
0
,L′
0
(G0) associated to the degeneration
π′ : X ′ 7→ C.
Lemma 2.2. For any G0 above, we have
F(σ(t)) = − 1
m
fM ′
0
,L′
0
(G0) log |t|2 + O(1) as t→ 0. (2.9)
In particular, we have
fM ′
0
,L′
0
(G0) = m (fM0,L0(G0) − a(G0)). (2.10)
Proof. We will use the arguments in the proof of last lemma to prove (2.9) .
Let X be the compactification of Xˆ and L be the line bundle over X con-
structed in the proof of Lemma 2.1. Then it admits aG0-equivariant semi-stable
reduction π′ : X ′s 7→ CP 1 such that it is a compactification of X ′ with smooth
fiber over ∞ ∈ CP 1 and admits a holomorphic map q : X ′s 7→ X of degree m.
To prove (2.9) which is equivalent to (2.10), we simply argue as we did in the
proof of Lemma 2.1 with p : X˜ 7→ X replaced by q : X ′s 7→ X .
4 In fact, we do not need X ′ to be a semi-stable reduction in the subsequent discussions.
It is sufficient if the central fiber of X ′ is free of multiple components. Then such a X ′ can be
taken to be the normalization of a base change of Xˆ .
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The norm h in the proof of last lemma induces a Hermitian norm, still
denoted by h, on L′ = q∗L over X ′s. As before, by identifying X ′s\M ′0 with
M ×CP 1\{0}, the curvature R(h) restricts to a Ka¨hler metric ωz on M ′z, which
is simply π′−1(z), for any z ∈ C∗ satisfying:
ωz = σ(z)
∗ωFS |M ′
z
for |z| ≤ 1 and ωz = ℓ ω0 for |z| ≥ 2.
Further, we have h|M ′
z
= h0 on L
ℓ for |z| ≥ 2 and σ(z)∗h|M ′
z
= e−ℓ ϕz h0 for
|z| ≤ 1.
LetK = KX ′
s
⊗π′∗K−1
CP 1
be the relative canonical bundle of π′ : X ′s 7→ CP 1. It
has an induced Hermitian norm k on K−1 over CP 1\{0}: For each z ∈ CP 1\{0},
k|M ′
z
is given by the determinant of ωz. Clearly, the curvature form R(k) of k
restricts to Ric(ωz) on each M
′
z.
It follows from (2.3)
−m
∫
CP 1
F ∂∂¯φ =
1
V
∫
X ′
s
φ
(
R(k) − nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
. (2.11)
Let ω′ be a Ka¨hler metric on X ′s. We can construct another Hermitian metric
k′ on K as we did for k. Then the ratio k/k′ is an non-negative function bounded
from above. It follows from (2.3)
−
∫
CP 1
(mF − ξ) ∂∂¯φ = 1
V
∫
X ′
s
φ
(
R(k′) − nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
,
(2.12)
where
ξ(z) =
1
V
∫
M ′
z
(
k
k′
)
log
(
k
k′
)
ω′n. (2.13)
This is again a bounded function.
Denote by g′ and gB the Hermitian norms on K
−1
X ′
s
and K−1
CP 1
induced by
the metric ω′ on X ′s and the Fubini-Study metric ωFS on CP 1. Define
ζ(z) =
1
V
∫
M ′
z
log
(
k′ · π∗gB
g′
) (
1
ℓ
R(h)
)n
. (2.14)
Since M ′0 has no multiple components, ζ is bounded. It follows from (2.12)∫
CP 1
(mF−ξ−ζ)∂∂¯φ = 1
V
∫
X ′
s
φ
(
R(gB)−R(gX ′
s
) +
nµ
(n+ 1)ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n
.
Let L be the determinant line bundle det(E ′, π), where E ′ is defined by
2n+1 ℓn V E ′ = (K−1 − K)⊗ (L′ − L′−1)n − nµ
(n+ 1) ℓ
(L′ − L′−1)n+1.
By the Grothendick-Riemann-Roch Theorem, the first Chern class of L is
given by
c1(L) = ℓ
−n π′∗[c1(K) c1(L′)n +
nµ
(n+ 1) ℓ
c1(L′)n+1].
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The corresponding degree is the CM-weight which is equal to the invariant
fM ′
0
,L′
0
(G0). Furthermore, there is a Ho¨lder continuous norm || · ||B on L over
CP 1 whose curvature form is given by the push-forward form
π′∗
[(
R(gB)−R(gX ′
s
) +
nµ
(n+ 1) ℓ
R(h)
)
∧
(
1
ℓ
R(h)
)n]
.
Fix a unit z0 ∈ C and 1 ∈ L|z0 , then we set
S(z) = σ(t)(1) ∈ L|z, where z = σ(t)(z0).
This defines a holomorphic section S of L over C∗ which extends to CP 1\{0},
moreover, it is non-zero at ∞. It follows from the above discussions
∂∂¯(mF − ξ − ζ + log ||S||2B) = 0 on C∗.
Since mF − ξ − ζ + log ||S||B is bounded near ∞, we conclude
mF = ξ + ζ − log ||S||2B + c, (2.15)
where c is a constant.
On the other hand, we can extend S to be a meromorphic section of L with
an zero or pole of order ± fM ′
0
,L′
0
(G0) at 0. Then (2.9) follows from (2.15) and
the facts that both ξ and ζ are bounded.
Remark 2.3. One can also prove (2.9) by using the equivariant Riemann-Roch
Theorem. 5
It follows from Lemma 2.2
Theorem 2.4. If (M,L) is K-stable, then F is proper along any one-parameter
algebraic subgroup G0 of G unless G0 preserves M , i.e., it is contained in the
automorphism group of M .
3 Proving Theorem 1.3 when Aut0(M,L) = {1}
In view of Theorem 2.4, the K-stability implies that F is proper along any one-
parameter algebraic subgroup of G. Hence, our problem is whether or not the
properness of F on G follows from the properness of F along any one-parameter
algebraic subgroup of G. This is an algebraic problem in nature.
As in classical Geometric Invariant Theory, we deduce the CM-stability from
the K-stability in two steps. For simplicity, we assume Aut0(M,L) = {1} in
this section and explain how to adapt the proof to the general case in the next
section.
5I learned from Chenyang Xu that (2.10), and consequently, (2.9), can be also proved by
a purely algebraic method.
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Lemma 3.1. Let T be any maximal algebraic torus of G. If the restriction F|T
is proper in the sense of (1.8), then M is CM-stable with respect to Lℓ.
Proof. We prove it by contradiction. Suppose that we have a sequence σi ∈ G
such that F(σi) stay bounded while J(σi) diverge to ∞.
Recall the Cartan decomposition: G = K · T · K, where K = U(N + 1).
Write σi = k
′
itiki for ki, k
′
i ∈ K and ti ∈ T. Then we have that F(tiki) = F(σi)
stay bounded while J(tiki) = J(σi) diverge to ∞.
On the other hand, since each ki is represented by unitary matrix, we can
show easily
|ψti − ψtiki | ≤ log(N + 1). (3.1)
WriteD(ti) = F(ψti)− F(ψtiki). Using (3.1) and the definition of the K-energy,
we can deduce
D(ti) =
1
ℓn V
(∫
M
log
(
ωnti
ωn0
)
ωnti −
∫
M
log
(
ωntiki
ωn0
)
ωntiki
)
+O(1).
The integrals on the right side are equal to
∫
M
log
(
ωnti
ωntiki
)
ωnti +
∫
M
log
(
ωntiki
ωn0
)
(ωnti − ωntiki).
The first integral above is bounded from below while the second is equal to
ℓ
∫
M
(ψti − ψtiki) (Ric(ω0)− Ric(ωtiki)) ∧
n−1∑
a=1
ωati ∧ ωn−atiki . (3.2)
Using (3.1) and the fact that Ric(ωtiki) is bounded from above, we can show
that the integral in (3.2) is uniformly bounded. It follows that D(ti) is bounded
from below. Similarly, using the fact that Ric(ωti) is bounded from above, one
can show that D(ti) is bounded from above. Therefore, we have
|F(ti) − F(tiki)| ≤ C.
It follows that F(ti) stay bounded while J(ti) diverge to ∞. We get a contra-
diction.
Therefore, in order to prove Theorem 1.3, we only need to prove that F
is proper on the maximal algebraic torus T. The remaining arguments are
identical to corresponding parts in [Ti12] or [Ti13] which is based on S. Paul’s
works [Pa12] and [Pa13].
First we recall the Chow coordinate and Hyperdiscriminant of M ([Pa08]):
Let G(N −n−1, N) the Grassmannian of all (N−n−1)-dimensional subspaces
in CPN . We define
ZM = {P ∈ G(N − n− 1, N) |P ∩M 6= ∅ }. (3.3)
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Then ZM is an irreducible divisor of G(N−n−1, N) and determines a non-zero
homogeneous polynomial RM ∈ C[M(n+1)×(N+1)], unique modulo scaling, of
degree (n + 1)d, where Mk×l denotes the space of all k × l matrices. We call
RM the Chow coordinate or the M -resultant of M .
Next consider the Segre embedding:
M × CPn−1 ⊂ CPN × CPn−1 7→ P(M∨n×(N+1)),
where M∨k×l denotes its dual space of Mk×l. Then we define
YM = {H ⊂ P(M∨n×(N+1)) |Tp(M × CPn−1) ⊂ H for some p }. (3.4)
Then YM is a divisor in P(M
∨
n×(N+1)) of degree d¯ = (n(n + 1) − µ) d. This
determines a homogeneous polynomial ∆M in C[Mn×(N+1)], unique modulo
scaling, of degree d¯. We call ∆M the hyperdiscriminant of M .
Set
r = (n+ 1) dd¯, V = Cr[M(n+1)×(N+1)], W = Cr[Mn×(N+1)],
where Cr[C
k] denotes the space of homogeneous polynomials of degree r on Ck.
Following [Pa12], we associateM with the pair (R(M),∆(M)) in V×W, where
R(M) = Rd¯M and ∆(M) = ∆
(n+1)d
M .
Fix norms on V and W, noth denoted by || · || for simplicity, we set
pv,w = log ||w|| − log ||v||. (3.5)
The following was first observed by S. Paul, but the proof below was pre-
sented by myself in [Ti13].
Lemma 3.2. Let (σ,B) 7→ σ(B) : G×gl 7→ gl be the natural representation by
left multiplication, where gl denotes the space of all (N +1)× (N +1) matrices.
Then we have
|J(σ) − pR(M),Ir(σ) | ≤ C, (3.6)
where I is the identity in gl and Ir ∈ U = gl⊗r.
Proof. It is known (cf. [Pa04])
(n+ 1)J(σ) = (n+ 1)
∫
M
ψσ ω
n
0 − log ||σ(RM )||2.
This is equivalent to
(n+ 1) d¯J(σ) = r
∫
M
ψσ
ωn0
d
− log ||σ(R(M))||2. (3.7)
If we write σ ∈ SL(N+1,C) as a (N+1)×(N+1)-matrix (ϑij) with determinant
one, then the Hilbert-Schmidt norm of σ is given by
||σ||2 =
N∑
i,j=0
|ϑ|2.
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Clearly, we have
ψσ = log

 N∑
i=0
||
N∑
j=0
ϑijSj ||2

 ,
where {Sj}0≤j≤N is an orthonormal basis. By direct computations, we can
easily show ∣∣∣∣∣∣ log ||σ||2 −
∫
M
log

 N∑
i=0
||
N∑
j=0
ϑijSj ||2

 ωn0
d
∣∣∣∣∣∣ ≤ C.
Combining the above two with (3.7), we get (3.6).
Lemma 3.3. Let V, W and U be as above and G0 be an one-parameter alge-
braic subgroup. Then F is not proper on T (resp. G0) if and only if the orbit
of [R(M),∆(M)]× [R(M), Ir] under T (resp. G0) has a limit point in
(P(V ⊕W)\P({0} ⊕W)) × P({0} ×U).
Proof. First we note that (P(V ⊕W)\P({0} ⊕W))×P({0}×U) is T-invariant.
It follows from [Pa08] that for all σ ∈ G, we have
|F(σ) − an pR(M),∆(M)(σ) | ≤ C, (3.8)
where an > 0 and C are uniform constants.
By Lemma 3.2 and (3.8), we see that if F is not proper on T (resp. G0),
then there are σi ∈ T (resp. G0) such that pR(M),∆(M)(σi) stay bounded while
pR(M),Ir (σi) goes to ∞. In [Pa08], S. Paul showed
pR(M),∆(M)(σ) = log tan
2 d(σ([R(M),∆(M)]), σ([R(M), 0]))
and
pR(M),Ir (σ) = log tan
2 d(σ([R(M), Ir]), σ([R(M), 0])),
where d(·, ·) denotes the distance in P(V⊕W) with respect to the Fubini-Study
metric. Therefore, the limits of σi([R(M), I
r]) lie in P({0} ⊕U) while limits of
σi([R(M),∆(M)]) stay in P(V ⊕W)\P({0} ⊕W).
The other direction can be easily proved by reversing the above arguments.
The lemma is proved.
Now we deduce Theorem 1.3 from Lemma 3.3. If M is not CM-stable with
respect to Lℓ, then there are v ∈ V, w ∈W, u ∈ U with u 6= 0, v 6= 0 satisfying:
If we denote y = [v, w] × [0, u] and x = [R(M),∆(M)] × [R(M), Ir], then y is
in the closure of the T-orbit of x.
Choose T-invariant hyperplanes V0 ⊂ V and U0 ⊂ U such that x ∈ E and
y ∈ E0, where
E = (P(V ⊕W)\P(V0 ⊕W))× (P(V ⊕U)\P(V ⊕U0))
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and
E0 = (P(V ⊕W)\P(V0 ⊕W))× (P({0} ⊕U)\P({0} ⊕U0)) .
Clearly, E0 is a closed subspace of E and the orbit Ty lies in E0. Also both
E and E0 are affine. They are actually isomorphic to V0 ×W ×V ×U0 and
V0 ×W × {0} ×U0, respectively.
By taking an orbit in the closure of Ty if necessary, we may assume that Ty
is closed in E0. Then, by a well-known result of Richardson (cf. [Pa12] and also
[Ti13]), there is an one-parameter algebraic subgroup G0 such that the closure
of G0x contains a point in E0 which is a subset of
(P(V ⊕W)\P({0} ⊕W)) × P({0} ×U).
By Lemma 3.3 and Theorem 2.4, this contradicts to the K-stability ofM . Thus,
the proof of Theorem 1.3 is completed.
4 Proving Theorem 1.3 in general cases
In this section, we prove Theorem 1.3 in full generality. It is clear that only
Lemma 3.1 and Lemma 3.3 need to be modified, all other arguments in last
section go through without change.
First we prove a generalized version of Lemma 3.1.
Lemma 4.1. Let T be any maximal algebraic torus of G. If the restriction F|T
is proper in the following sense: For any sequence σi ∈ T,
F(σi)→∞ whenever inf
τ∈Aut(M,L)
J(σiτ)→∞, (4.1)
then M is CM-stable with respect to Lℓ.
Proof. We also prove it by contradiction. Suppose that we have a sequence
σi ∈ G such that F(σi) stay bounded while infτ∈Aut(M,L) J(σiτ) diverge to ∞.
As before, we use the Cartan decomposition: G = K · T ·K, where K =
U(N + 1), and write σi = k
′
itiki for ki, k
′
i ∈ K and ti ∈ T. Then we have that
F(tiki) = F(σi) stay bounded while J(tikiτ) = J(σiτ) diverge to ∞.
Using the arguments in the proof of Lemma 3.1, we can also prove that for
some constant C > 0,
|F(ti) − F(tiki)| ≤ C.
It remains to prove
inf
τ∈Aut(M,L)
J(tiτ) → ∞.
Each ki is represented by a unitary matrix (γab) with |γab| ≤ 1. Let Sa = ti(za),
where a = 0, · · · , N , and za is the a-th coordinate of CPN , then all these Sa
form a basis of H0(M,Lℓ) and we have
ψti = log(
N∑
a=0
||Sa||20), ψtiki = log(
N∑
a=0
||
N∑
b=0
γabSb||20).
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It follows
|ψti − ψtiki | ≤ log(N + 1). (4.2)
Since τ is an automorphism of M , we have
ψtiτ = ϕτ + ψti · τ, ψtikiτ = ϕτ + ψtiki · τ, (4.3)
where ϕτ is a function satisfying:
τ∗ω0 = ω0 +
√−1∂∂¯ ϕτ .
It follows from (4.2) and (4.3)
|ψtiτ − ψtikiτ | ≤ log(N + 1).
This implies that |J(tiτ)−J(tikiτ)| is uniformly bounded. Therefore, F(ti) stay
bounded while infτ∈Aut(M,L) J(tiτ) diverge to ∞. We get a contradiction.
In the following, we will fix a maximal algebraic torus T0 in Aut0(M,L).
We will prove that the K-stability implies
F(ti)→∞ whenever inf
τ∈T0
J(tiτ)→∞, ∀ {ti} ⊂ T. (4.4)
Clearly, it follows from this and Lemma 4.1 that M is CM-stable with respect
to Lℓ.
We will adopt the notations from last section. Choose an algebraic subtorus
T1 of T such that T = T0 ·T1 and T1 is transversal T0.
Lemma 4.2. Let V, W and U be those in Lemma 3.3. If (4.4) is false, then
the orbit of [R(M),∆(M)]× [R(M), Ir] under T1 has a limit point in
(P(V ⊕W)\P({0} ⊕W)) × P({0} ×U).
Proof. First we note that (P(V ⊕W)\P({0} ⊕W))×P({0}×U) isT1-invariant.
If (4.4) is false, then there is a sequence {ti} ⊂ T such that F(ti) stays bounded
while infτ∈T0 J(tiτ) diverge to∞. Write ti = siτi for si ∈ T1 and τi ∈ T0, then
F(si) = F(ti) stays bounded while
J(si) = J(tiτ
−1
i ) ≥ inf
τ∈T0
J(tiτ) → ∞.
It follows from Lemma 3.2 and (3.8) that pR(M),∆(M)(si) stay bounded while
pR(M),Ir (si) goes to ∞. Then, as we argued in the proof of Lemma 3.3, the
limits of si([R(M), I
r]) lie in P({0} ×U) while limits of si([R(M),∆(M)]) lie
in P(V ⊕W)\P({0} ⊕W). The lemma is proved.
Now we deduce Theorem 1.3 in general cases from Lemma 4.2.
If M is not CM-stable with respect to Lℓ, there are v ∈ V, w ∈ W, u ∈ U
with u 6= 0, v 6= 0 satisfying: y is in the closure of the T1-orbit of x, where
y = [v, w]× [0, u] and x = [R(M),∆(M)]× [R(M), Ir] as before.
13
Choose T1-invariant hyperplanes V0 ⊂ V and U0 ⊂ U such that x ∈ E and
y ∈ E0, where
E = (P(V ⊕W)\P(V0 ⊕W))× (P(V ⊕U)\P(V ⊕U0))
and
E0 = (P(V ⊕W)\P(V0 ⊕W))× (P({0} ⊕U)\P({0} ⊕U0)) .
As before, E0 is a closed subspace of E, the orbit T1y lies in E0 and both E
and E0 are affine.
By taking an orbit in the closure of T1y if necessary, we may assume
that T1y is closed in E0. Then, by a well-known result of Richardson (cf.
[Pa12] and also [Ti13]), there is an one-parameter algebraic subgroup G0 of
T1 such that the closure of G0x contains a point in E0 which is a subset of
(P(V ⊕W)\P({0} ⊕W))× P({0}×U). By Lemma 3.3 and Theorem 2.4, this
contradicts to the K-stability of M . Thus, we have completed the proof of
Theorem 1.3 in general cases.
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